IRRECULARITIES OF PARTITIONS

Ramsey theory, uniform distribution
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Eotvos Lorand University, Budapest, MGzeum krt. 6-8, Hungary

Abstract. In this survey we discuss a common feature of some
classical and recent results in number theory, graph theory,
etc. We try to point out the fascinating relationship between
the theory of uniformly distributed sequences and Ramsey the-
ory by formulating the main results in both fields as state-
ments about certain irregularities of partitions. Our approach
leads to some new problems as well.

INTRODUCTION

In 1916 Hermann eyl published his classical paper entitled
"Ober die Gleichverteilung von Zahlen mod Eins”. This was intended to fur-
nish a deeper understanding of the results in diophantine approximation
and to generalize some basic results in this field. The theory of uni-
formly distributed sequences has originated with this paper. In the last
decades this subject has developed into an elaborate theory related to
number theory, geometry, probability theory, ergodic theory, etc.

Curiously enough, Issai Schur's paper entitled "Uber die Kon-
gruenz x"+ynzzn (mod p) " appeared in the very same year. He proved that
if the positive integers are finitely colored, then there exist x , y ,

z having the same color so that x+y=z . Though Ramsey theory has various
germs, Schur's theorem can be regarded as the first Ramsey-type theorem.
Now literally the same applies to Ramsey theory as to the theory of uni-
form distribution:

In the last decades Ramsey theory became an elaborate theory
related to number theory, geometry, probability theory, ergodic theory,
etc.

It took about half a century for both fields to become co-
herent theories. It took more than a decade to realize the close relation-
ship between the two seemingly unrelated areas. The interaction between
the theory of uniform distribution and combinatorics in general is in-
dicated in several works. We list without claimina completeness some of
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V.T. S&s: Irregularities of partitions 202

them: Erdds & Spencer (1972), Graham, Rothschild & Spencer (1980), Olson
& Spencer (1978), Niederreiter (1972), Tijdeman (1980). A breakthrough in
this direction has been achieved in a recent series of papers by J. Beck
(1981 a, b, c, d), (1983 a, b, c, d). '

1 FORMULATION OF THE GENERAL PROBLEM

As introductory examples we consider some classical theorems.
The first is one of the basic results in the theory of uniform distribu-
tion.

Let x;s....%y be N points in the unit square. Let 1 be
an aligned rectangle, i.e. one with sides parallel to those of the unit
square. Denote by Z(I) the number of points X5 1sisN din I . I}
denotes the Lebesgue-measure of I .

Theorem 1.%1. (Schmidt (1972)). There exists an aligned rec—
tangle I0 such that

1Z(1)-N{I [ > clogh

holds, where ¢>0 <8 a positive absolute constant.

Theorem 1.2. (Roth (1964)). Let [N1={1,...,N} . For any par-
tition [N]=S1k152 s S1f\52=ﬂ there exists an arithmetic progression
P={a,a+d,...,a+kd}CIN] such that

iPnsyi=1Ps,l] > '/
holds, where € 18 a positive absolute constant.

Theorem 1.3. (Ramsey (1930)). For n>n0(t) if the edges of
Kn (the complete graph on n vertices) are 2-colored, then there must
be a monochromatic Kt .

The theorems stated above have a common feature. In all three
of them we are given an underlying set S and a family of subsets of this
set, and (in all three cases) the claim is that the underlying set has
no partition which splits proportionally or equally each set contained in
the given family.

We now give a formulation of the general problem.

Let S be a set and ASZZS a family of subsets of S . Let
G denote the set of functions (partitions, colorings) g: S~ {1,...,r} .
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Or more generally let us fix real numbers Qgseeesy, and Tet G denote
the set of functions ¢:S ~» {a1,...,ar} . We shall use various functions

A:GxA->R

to measure the discrepancy (weighted nonuniformity) Ag(A) of geG on
A . Given such a discrepancy function, our goal is to estimate the fol-
lowing quantities:
I The discrepancy of g over A :
A _(A) = sup |A_(A)]
g AeA ©
or e.qg.
1

aP(R) = A (R)|P)P
(M) (A%A 184(A)I7)

and the discrepancy of G over A :

AL(A) = inf A _(A) .
G aegé ¢

IT The one-sided discrepancies of g over A :

+
A _(A) = sup A_(A)
g AeAa 9

b(A) = | inf 4 ()]

Aea =
and " + - . -
AG(A) = inf Ag(A) > AG(A) = inf Ag(A) .
gee6 gead

In some cases we consider only partitions of S which satisfy
certain requirements. This means that we have a G*CG and we investigate
Anz(A) = inf A_(A) .

G g e G:': g
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Consider the case r=2 ., Here the simplest problem is the fol-
Towing:

e wish to find a two-coloring of S so that every set
AeA s partitioned by this into parts of size as equal as possible. Now
a two-coloring of S can be given by a function g:S » {+1,-1} . The
function A defined by

bW = T alx)
xXeA

measures the discrepancy of this partition on A .

A(A) = inf sup |} g(x))
g A€A xeA

measures (in supremum norm) how well under the requirement above the set
S can be partitioned.

Now consider a more general problem. We want to find a system
of representatives of A so that in every set A€A the number of re-
presentatives is proportional to |A|,i.e.for a given a«€(0,1) it is as
close to ojA] as possible. This means that we consider partitions of
ratio o , 1-a . To handle this problem now we take the functions
g:S > {a-1,a} and

by(A) = T g(x) .
¥ xeAh

As above, define

A(A) = inf sup | ¥ g(x)]
a AeA xehA

Note that if g-1(a-1) =5, , g o) = S, » then

I 9(x) = {Ala - [S;0A] .
xeA

Consequently, this measures the discrepancy in an appropriate way.

Let us reforrnulate the above theorems in this general setting.
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From the proof of Schmidt's theorem it is easy to see that
it can be given in the following finite form.
Theorem 1.1*. (the finite version of Schmidt's theorem). Let

S ={(i,j); 1sisN, 1sjsN} ,

Ak’£= {(i,j) : 1sisk, 1<sjsL}

A={Ak,£:1§k§N, 1<s£<N} .
Set
G=1{g:S={1-0, =11}
: N "W

and Aq(A)= oalx) .
v X €A

Then
AG(A) 2 clogN

where C 18 a positive absolute constant.

Further, Roth's theorem can be formulated in an obvious way
as follows.

Theorem 1.2*%. (Roth). Let S=[N}], A={A:ACS, A Zsan
arithmetic progression}, G = {g : N - {+1,-1}} . Put Ag(A) =

=Y g(x)| . Then
X€A

1/4
AG(A) > ¢N

where € 18 a positive absolute constant.
Finally, a quantitative form of Ramsey's theorem says:

205

Theorem 1.3*. Let !V|=n , S=[V]%, A ={A: A= [X]Z, X S,

IX|=k} , G ={g : S~ {+1,-1}} . Define b (A) = )} g(x) . Then
g xeh

_ 4k . log n
8g(A) = (3) 2f k< 5oe7
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2 PARTITIONS OF THE SET OF INTEGERS AND LATTICE POINTS IN Rn

We start by discussing results for arithmetic progressions.

(a) For arithmetic progressions we have both Ramsey type and
discrepancy theorems, both expressing in a certain sense that we can not
have too good partitions of the integers. In the case of Ramsey-type the-
orems this means that for any partition we must have a monochromatic
arithmetic progression. The discrepancy-theorems mean that for any parti-
tion there exists an arithmetic progression, where one class has a large
preponderance. So it should be clear that the seemingly qualitative dif-
ference between these statements is actually a quantitative one. If we
focus on the short arithmetic progressions, the situation is so bad, that
we must have an arithmetic progression where all but one colors are mis-
sing. If we focus on longer arithmetic progressions, this changes to a
weaker preponderance phenomenon. This viewpoint helps to realize that we
still have gaps in our knowledge. We will formulate the problems ex-
plicitly 1later.

(b) The methods used in the proofs of these results are good
illustrative examples of the fascinating and fruitful relationship between
the different fields. We will not give proofs, we just mention that e.q.
in the discrepancy theorem 2.3 (below) for the Tower bound Roth (1964)
used a deep analytic method. Recently, an ingenious argument using only
a combinatorial hypergraph theorem has been given by Beck (1981 a) which
shows that Roth's lower bound is nearly sharp.

{c) In Ramsey theory van der Waerden's theorem for arithmetic
progressions is widely generalized in different ways. However this is not
the case with the discrepancy theorems. Having this common setting of the
results on arithmetic progressions, we may again realize the gap, for
quite a few'genera1 structures we know Ramsey-type generalizations but no
discrepancy theorems.

Mow we 1ist a few theorems which may justify what we said
above. Of course, here we can give just a sample of the results. First
we mention the celebrated theorem of van der Waerden (1927):

Theorem 2.1. (van der Waerden). If N>W(k,r) , then for
every r —coloring of [Nl at least one class must contain an arithmetic
progression of length k .

Though van der Waerden's theorem appears to be a Ramsey-type
theorem, actually there is another reason for its validity. Erdds and
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Turan conjectured already in 1936, that a density theorem is in the back-
ground. More exactly, they conjectured the following.

Let rk(n) denote the greatest integer r such that there
exists a sequence

< < < ,..< <n
1 ay<a, a

which does not contain an arithmetic progression of length k . Then
rk(n)=o(n) .

This was proved by Roth (1952) for k=3 and it was a great
achievement when Szemerédi (1973) proved it for arbitrary k .

Theorem 2.2. (Szemerédi). For every kz3

ri(n) = o(n) .

Remark. No good estimates for W(k,r) resp. for rk(n) are
known. A lower bound is
k
2
W(k,Z) > *E— .
However, the best known upper bound grows faster than
2

At
22

for any t . For reference see Erdls & Graham (1930).

Roth (1964) started to study the discrepancy problems for
arithmetic progressions.

Let P denote the set of arithmetic progressions in [N]
and g : [N] » {+1,-1} a two-coloring of [N] . Let P€P . Set

P) = s
bg(P) XZGP g(x)
Ag(P) = gigpiAg(P)i

and
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A(P3N) = min |A_(P3N)] .
q 9

In the next theorems c¢ 1is always a positive absolute constant.

Theorem 2.3. (Roth (1964)). For any two-coloring
g : [Nl>{+1,-1}

/

s (P) > e/t

g

Roth conjectured that for every g : [Ml » {+1,-1} Ag(P) >
> ¢/N . This was disproved by Sarkozy (1972). Recently Beck (1981 c)
proved by an ingenious combinatorial argument that Roth's lower bound is

nearly sharp. (See the combinatorial lemma in § 4.)
Theorem 2.4. (Beck).

1/4 5/2

A(P3N) < cN (Tog N)

There are different variations of the discrepancy theorems
for arithmetic progressions. Actually Roth proved a mere general theorem,
which shows that the discrepancy of arithmefic progressions is large on
average. A quantitative form of this is given in the following

Theorem 2.5, (Roth (1964)). Let

P, (m) ={1<asm; a=h (mod q)} .

h,q

Let ACIN] be fizxed and let

By q(msA) = 8y (m) = [(ANP, (m)]- % Py q(mii -

Set

Vq(m) = g A2 (m) .

Then for any integer {

31 q! mi vq(m)+oq[§1 Vq(l\l)>>%(1- %)02 N

q:
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Quoting Roth, this theorem says that a sequence A cannot be
well distributed simultaneously among and within all congruence classes.

(The choice Q=N1/2 yields Theorem 2.3.)

In Roth's theorem the lower bound for the discrepancy depends
on the ratio of the partition. But we do not have any information about
the difference d of the arithmetic progressions of large discrepancy.
llow we Tist a few theorems concerning this problem.

Theorem 2. 6. (Roth (1964)). Given any ¢ : N - {+1,-1} for
every integer K there is an arithmetic progression P of difference
d>k such that

Ag(P) > cvd .

Beck & Spencer (1983), using purely combinatorial arguments,
proved that Roth's lower bound is nearly sharp. One of their results which
gives upper bound for A(P) depending on the difference d 1is the fol-
Towing.

Theorem 2.7. (Beck & Spencer (1983)). Let €>0 be arbit-
rary. Given any n>no(e) there is a two—coloring g : N > {+1,-1}

such that for any arithmetic progression P of difference nf<d<n
and of arbitrary length

Ag(P) < ¢/d (log n)7/2 .

Problem. Let Pt denote the set of arithmetic progressions
of length t . By Roth's theorem we know that given any two-coloring
g : [N] - {+1,-1} , there must be an arithmetic progression with dis-
crepancy AG(P) > cN1’l4 and hence of length t >cN1/4 .
Problem. What happens if ¢ log N<t<N® ? Find upper and lower bounds
for A(Pt) .

The first generalization of van der Waerden theorem was given
by Gallai (1931). Let A={v,,...,v,} be a subset of R" . B={Xy5.000x, }
is homothetic to A if, under a suitable ordering of B , there exist

A€R , xz0 and an aer™ so that
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Theorem. (Gallaz). Let A be an arbitrary finite subset of
R™ . Given any r —ecoloring of R™  there exists a monochromatic B CR"
homothetic to A .

A further generalization is the Hales & Jewett (1963) theorem,
which is considered as one of the most basic theorems in Ramsey-theory.
(See Graham & al. (1980).)

Definition. Let

CQ = {(x1"‘°’xn) ; xie{O,...,t-H} .

A line in CE is a set of suitably ordered points XopoeesXg g s Xj =

i
= (xi1,...,x. ) so that for each coordinate j , 1<js<n either

n

Xoj = X145 = oo+ = Xgoq,j

or

&ﬁ =L for 0<g<t
and the latter holds for at least one j .

Theorem. (Hales & Jewett (1963)). For every r , t there
exists a least integer HI(r,t) so that, for N>HI(r,t) <f the vertices
of Cﬁ are Y —colored, then there exists a monochromatic line.

This is a corollary of a much more general Ramsey theorem
(Graham-Leeb-Rothschild (1972) which alsc implies the following theorem.

Let A be an arbitrary finite field and let A" be the n -
dimensional space over A . For every r , t , k positive integers there
exists an Nt(k;r) so that if the t -dimensional linear subspaces of
A" are r -colored then there exists a k -dimensional vector space all
of whose t -dimensional Tinear subspaces have the same color.

Remark. It is easy to see that van der Waerden's theorem is
also a corollary of the Hales-Jewett theorem. For this consider the in-

tegers a , 0Osa <tN and the base- t -representation.

N i
a=_z a; t', Osa;<t .
i=0
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An r -coloring of [tN] induces an r -coloring of Cﬁ . This has a
monochromatic line, if N ~1is large enough. But it is easy to see that a
monochromatic 1ine corresponds to a monochromatic arithmetic progression
of length t .

Problem. We have the discrepancy-results for arithmetic
progressions. Is it possible to get discrepancy-results for C2 ?

A common generalization of van der Waerden's and Schur's the-
orem was given by R. Rado (1933 a,b).

let C be an mxn matrix of integer entries, Cx =0 a
system of homogeneous linear equations in the variables XqseoosXy o We
say that C 1is regular if given any finite coloring N , there exists
p) such that Cx = 0 and Xx,,...,x  are the same color.

We say that the matrix C satisfies the column-condition if
after a suitable rearranging of the column-vectors CysenesC, ONE can
find 12 k1< IS kt =n such that for

X = (x1,...,x

K,
z'l

A; = C.

Voogekg et Y

we have A,=0 and for 1<ist , A, is a linear combination of c,,...

...,cki_1 .

Theorem. (Rado). C <s regular on N <ff C satisfies the
columm—~condition.

Remark. 1t is easy to see that Schur's theorem is a conse-
quence of Rado's theorem. Namely, if we have a single equation

the column-condition means that some nonempty subset of the Cii sums to
zero. Evidently x+y-z=0 satisfies this condition.

To obtain van der Waerden's theorem as a special case we con-
sider the system
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Similarly as in the case of the Hales & Jewett theorem Rado's
theorem is not accompanied by general discrepancy theorems.

3 PARTITIONS ON GRAPHS

The results here belongpartly to Ramsey theory, partly to extremal
graph theory. As there are excellent monographs on both subjects (Graham,
Rothschild & Spencer (1980), Bollobas (1980)), we will mention only those
basic results which are relevant for our present aim. However we will
give a more detailed discussion of results which are more recent ones and
are not contained in the books mentioned above.

First we consider partitions of [n]K ,» with respect to the
family of complete graphs.

Most of the results refer to the case £=2 . Still, we form-
ulate Ramsey's theorem for arbitrary £ .

Theorem 3.1. (Ramsey (1930)). For all integers £ , r ,
k‘l""’kr' there exists a minimal integer Rz(k1 ""’kr) with the fol-
lowing property:

if n>R£(k1,...,kr) , gilven any r -coloring g : [n]K ->
+{1,...,v} , there exist an 1, 12isr and a set SCI[n] such that
}Si=k,i and [S]K is colored i .

Little is known about the Ramsey-numbers Rz(k1,...,k£) .

Here we mention just two results for the simplest cases, which
are relevant in our discussion:

(*) 2K/2 < Ry (k,k) < aX

(**) ck®(10g k)2

< Ry(3,k) < ck¥(log k)T,
{see Graham, Rothschild & Spencer (1980)).

There are several interpretations of Ramsey's theorem. Graham,
Rothschild & Spencer (1980) give a deep analysis of this question. We
repeat only their quotation of Burkill & Mirsky (1973). "There are numer-
ous theorems in mathematics which assert, roughly speaking, that every
system of certain class possesses a large subsystem with a higher degree
of organization than the original system." We emphasize here another
aspect of Ramsey's theorem.
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Suppose we want to two-color the edges of Kn by red and
blue so that in every Kk we have about the same number of red and blue
edges. Mow the situation is similar to the case of arithmetic progressions.
By (*) we know that if k < ?—T%§~? loo n , the situation is so bad that
for any two-coloring we must have a monochromatic Kk . As k gets
larger, we can two-color more uniformly, with respect to the Kk 's,
though we still have the preponderance phenomenon.
A quantitative form of this is given by the following theorem.
Theorem 3.2. (Erdds-Spencer (1972)). Let g : [n]%~{+1,-1}

and
A (n3t) = max | ) a(x)! .
g C[n] S
HEXRA
Define
Alnst) = min A _(n3t) .
g 9
Then
oy gt log n
A(n,t) = (2) s 1f t s 7 109 7 s
and
-3 .,3/2 4 5n . 3/2 / 5n , 2 log n
10~ t og ¢ sA(n3t) st log = » <f t>—10_97_ .
Corollary. Let
A(n) = min max |} g(x)] .
9 S yers?
Then
c1n3/2 < Aln) < c2n3/2

where €y » Cy are positive absolute constants.

This theorem has a generalization for hypergraphs.
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Theorem 3.4. (Erdbs & Spencer). Let g : [n]k + {+1,-1}. Set

1

A(nst) = min max | ) g{x)
9

Se [n] .k
is| <t X€ 8
Then
1
c1(E) < Alnst) < (E) if t £ (log n)k-'_1
and

ket

k+1
TER
¢y t ¢ v 1og STn < Anst) < tTHog Tn

where Cq » Cy are positive absolute constants.

The case k1=...=k£ of Ramsey theorem is called "symmetric
case”, otherwise it is called "asymmetric”.

We know that - concerning the theorems above - the best color-
ings are the random ones. Here "best" means that the largest monochroma-
tic complete graph is as small as possible, resp. the discrepancy in the
Kt 's is as small as possible. In the symmetric case if r=2 this means
that in the best colorings each color class contains about the half of
the edges.

Hence if we consider partitions of given ratio, o , 1-o
and u#% , the same discrepancy phenomenon will appear, but the quanti-
tative results will be different.

As to the asymmetric case, here we suppose k = o(£) and
n £ R(k,2)-1 . Let us consider the two-colorings of Kn which contain
neither a red Kk nor a blue K£ . It is easy to see that if £ 1is much
larger than k , then the number of red edges in such a coloring will be
much smaller than the number of blue edges. The ratio tends to 0 as
K+ 0. The conjecture is that for fixed k , R(k,e) =< "*(1)

A1l these facts make plausible that if we have a restriction
on the number of edges in the granh (on the ratio of the partition) this
will increase the size of the complete graphs we can ensure.

Another aspect of the results is the following:

If we make a comparison between van der laerden's theorem
and Roth's theorem for arithmetic progressions on the one hand and Ramsey's
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theorem, Erdds & Spencer theorem for complete graphs on the other hand,
the similarity is clear.

In both cases we have a set S and a family A{;Zs . For any
two-coloring of S among the small sets in A there must be a mono-
chromatic one, and among the larger sets still there must be one in which
there is a certain discrepancy.

However, the background of the results for the two structures,
at least for the monochromatic case is different.

For arithmetic progressions actually a density theorem yields
the result. Namely Szemerédi's theorem means that for every ¢>0 , if
n >n0(k) , ACin] , and |A]>cn , then A must contain an arithmetic
progression of length k . Since for every two-coloring at least one
color-class contains more than %— elements, we must have an arithmetic
progression of length k 1in it.

Although we have a density theorem for complete graphs,
(Turan's theorem) we need more than half of the edges to ensure the exis-
tence of a complete Kk . Therefore, if we consider the two-colorings of
the edges of Kn » Just a density argument will not be enough to ensure
the existence of a monochromatic Kk . This is the reason why we have a
new class of problems and results for graphs.

Let Hk be an £ -uniform hypergraph. Let f(n;Hk) be the
minimal integer e such that every k -uniform hypergraph on n ver-
tices and more than e edges contains a subgraph isomorphic to Hk .

A Gﬁ(V;E) is called an extremal graph belonging to Hk , if V|=n,
}Ei=f(n;Hk) and Gﬁ does not contain sugraphs isomorphic to HK .

The determination (or estimation) of f(n;Hk) is the funda-
mental problem of extremal graph theory started by Turan (1941).

As to the density theorems for graphs, we mention only re-
sults which are relevant here.

First we consider the case £=2 and H2=Kk .

Theorem 3.5. (Turdn (1941)). Let n=r mod (k-1) , 0<r<k-1 .
Then

There is a unique extremal graph, the complete (k-1) -partite graph

having [knj] resp. [ﬁ—]-ﬂ vertices in each class.
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Observe that

(1) as we said above, even in the case k=3 we need more
than half of the edges to ensure the existence of a Kk .

(2) From our point of view it is important that the extremal
graph contains a very large independent set of size [EQT]

These indicate, too, that if we have a restriction on the num-
ber of edges in one color-class (on the ratio of the partition), then for
the asymmetric case this will change the size of the complete graphs we
can ensure in one color-class.

To formulate a slightly more general problem consider parti-
tions of [n]2 of ratio o , 1-a . For which pairs (k,£) is it true,
that either the first class contains a Kk or the second class contains
a K, . (Evidently, by Ramsey theorem, with n->eo max (k,£) > .)

Or more generally, Tet RT(n;k,£) be the set of integers e ,
for which there is a coloring of [n]2 such that the number of red edges
is e and neither a red Kk nor a blue KZ exists. ¥hat can be said
about RT{n;k,Z) ? In particular, we are interested in the value of

max RT(n3k,£) and min RT{n;k,L) .

Results which give information on this question are called Ramsey~Turdn
type theorems.

Since we do not have too much knowledge about the Ramsey
numbers R(k,£) one can expect that the most we can have are asymptotic
results.

We start with a result of Erdds and Szemerédi on the symmet-
ric case.

Theorem 3.6. (Erdfs & Szemerédi (1972)). Let 22 . Let
G(V;E) be a graph with |V|=n , |E| é%(g) . There exists a positive ab-
solute constant C so that either G or its complement contains a Kk
with k > ¢ TBE_F log n .

Remark. In the present setting the above theorem can be
formulated as follows. Let

6* = {glg :[n]2-+{+1,-1} ) a(x) = (1-%)(2)} .
xe [n]
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Set
Ag(n,t) = max |} g(x)]
S [n] .2
Si=t x€ [S]
and
A(r)(n t) = min A _(n;t)
qgeG* 9
Then

(P)poy = by r
ANV (nt) = (2) if t< CTB§_F']09 n .
Problem. Find a common generalization of Theorem 4.2 and Theo-
o . r, . . r
rem 4.3: give estimates for A (n3;t) if t>c T6§—F»1og n .

Remark 2. The ErdYs-Szemerédi theorem gives a partial answer
to the following question:

Let f(n;r) be the largest integer k such that for any r -
coloring of [n]2 there exists an Sc [n] , |S|=k for which [S]2 meets
at most r-1 color-classes. Since at least one color-class contains not
more than %(g) edges, by the Erdds-Spencer theorem f(n;r) >

r
>c Tog log n .
Problem. Let 1<s<r . Let f(n;r,s) denote the largest

integer k such that for any r -coloring of [n]2 there exists an
SCin]l , ISi=k, for which (51 meets at most s color-classes. Find
upper and lower bounds for f(n;r,s) .

Let

RT(n3k,L) = max RT(n;k,2) .

As to the function RT(n;k,£) in the asymmetric case, most of the re-
sults are asymptotic estimates for the case when £ 1is replaced by a
function of n which is o(n) . For this we will use the symbol
RT(n;k,o(n)) .

For tz3 put
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o1 t-3 _13t-9 ., .
a4 =7 I~ 733 if t s odd
ap = %-%%1%9 if t 1is even.

(The sequence 0 Za3585000 = 0, %~, %-, % s... 15 strictly increasing.)

Theorem 3.7. (Erd¥s~Hajnal-T.S5b6s-Szemerédi (1983)). For 123
RT(nst,0(n)) = a, n(1+0(1)) .

The investigation of RT(n;t,o(n)) started in T. Sds (1969)
and Erd8s - T. Sds (1969). The above result for t odd was proved in
Erdds & T. Sos (1969). The case when t 1is even turned out to be much
harder. It was proved only much later in Szemerédi (1973) and in Bollobas
& Erdds (1976) that RT(n;4,0(n)) =%?-(1+o(1)) . (Szemerédi (1973) gives
the upper bound and Bollobas & Erdds (1976) the construction yielding the
Tower bound.

Results for an other range of the parameters k, £ , or in
other words, for min RT(n;k,o(n)) are given in Ajtai-Komldos-Szemerédi
(1981), Komldés-Pintz-Szemerédi (1982), Ajtai-Erd#s-Komlds-Szemeréddi
(1981), Ajtai-Kom1ds-Pintz-Spencer-Szemerédi (1983).

Theorem 3.8. (Ajtai-Komlés—Szemerédi (1981)). DLet G(V3E)

be a graph of n vertices, e edges. Let 1t denote the average degree:
t=-%$ and ao(G) denote the maximum size of an independent set of vertices

(independence or stability number).

If G does not contain a triangle, then
n
a(t) > x log t

(where C <8 a positive absolute constant).
The result is best possible as to the order of magnitude.
Remark. Without the assumption that G is triangle-free, by a

simply greedy-algorithm argument only o(t)> c% would follow.
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Theorem 3.9. (Komlbés-Pintz-Sazemerédi (1982)). Let H3(V;E)
be a 3 -uniform hypergraph of n vertices and € edges. Zet t denote
the average degree; t=-%§ and let o(G) denote the maximum size of an
independent set.

If H3(V;E) does not contain cycles of length 24 , (in a

precise meaning, which we do not give here)

a(G) > c—ﬂ—log t.
/t

(Here ¢ 1s a positive absolute constant.)
See also Erd8s-Komlds-Pintz-Spencer-Szemerédi (1983).

Remark. 1t is worth mentioning that the Ramsey-Turadn type
theorems were considered because of different applications. There is a
sequence of papers by Erdds-Meir-T. Sés-Turan (1971), (1972 a), (1972 b),
where Turan's theorem is employed to obtain results for the distribution
of distances in metric spaces. Ajtaiet al. (1981) applied their theorem
in the investigation of Sidon-sequences. The result inKomldset al. (1982)
was the key lemma to disprove a more than 20 year -old conjecture of Heil-
bronn for the minimum area of triangles determined by n points in the
unit square.

Remark. Observe that RT(nj;k,o(n)) =~ ¢ f(n;k) with a
€ < 1 . Surprisingly enough the situation for £ -uniform hypergraphs
is different if £23 . In Erdds & T. Sos (1982) it is proved that

RT) (n3k,0(n)) = £ (n3k)

where RT(K)(n;k,o(n)) and f(K)(n;k) has a similar meaning for £:3
as RT(n;k,o(n)) and f(n;k) for £=2 .

Mow Tet us consider the discrepancy in colorings of the
edges of Kn with respect to general graphs.

Let the graphs G1""’Gr be fixed. Evidently it follows
from Ramsey theorem that for n large enough, for every r -coloring
of [n]2 there exists i1, 12i<r so that a copy of Gi occurs 1in
the i th color. The problem is to find the Teast integer n for which
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this holds. Let R(G1,...,Gr) denote this least integer. The investiga-
tion of R(G1,...,Gr) was started in Gerencsér & Gyarfas (1967) where
they considered the case r=2 , G1=Pk s GZ=P£ (the paths of length k
resp. £ ).

Though the problem is more general, for some special class of
graphs it is easier to get good estimates or even to get the exact values
of R(G1,...,Gr) than for R(kl""’kr) .

The Turdn type results for arbitrary graphs are also relevant
here. For all graphs H2 with chromatic number X(Hz) >2 the asymptotic
value of f(n;HZ) is known.

Theorem 3. 10. (ErdBs-S<imonovits (2966)). Let (H

)=k

£(nsHE) ~ F(n3k) = 5 ke o + o(n?) .

k-1

Even more is true.

Theorem 3.11. (Erd8s (1967), Stmonovits (1968)). If k>2, the ex-
tremal graphs (having f(n;Hz) edges without containing subgraphs iso—
morphic to H ) can be made isomorphic by adding to and deleting from
o(n2) edges the Turén-graph (the complete (k-1) -partite graph having

[k—TTE or [%T]H vertices each class).

Remark. 1f k=2 , the above theorem gives only that

f(n; H2 2) .

) = o(n

For most bipartite graphs the exact value of f(n;Hz) or
even asymptotic formula for it is not known, and to determine it is among
the most difficult problems in extremal graph theory.

Roughly speaking, the maximum number of edges a graph may
have without containing H2 as a subaraph, asymptotically depends only
on the chromatic number of H2 .

Why are the above results relevant in the problems for
RT(G,,6,) ? If x(6)) = x(G,) =2 , f(ns6;) = o(n®) (i=1,2) . Hence
a density theorem ensures the existence of a monochromatic G1 or G2 .
This means that the situation in this case is similar to the case of
arithmetic progressions.

Remark. Here we discussed the following type of problems:
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(1) Ramsey-type problems;

(2) Turan-type problems;

(3) Ramsey-Turan-type problems;

(4) discrepancy-problems.

In all the four cases we considered the complete graphs as subgraphs.

In cases (1) - (2) there are many results for other graphs too. In (2)

we know that the chromatic number of a graph is the most relevant param-
eter which determines the behavior of f(n;G) .

In (1) most of the results are for graphs G, » G, when
m}n X(Gi) =2 (see Graham-Rothschild-Spencer (1980}, and in the general
case we do not know which parameters of the graphs G1 ,G2 determine the
Ramsey-function R(G1 . GZ) .

For (3) in Erd8s-Hajnal-T. Sos-Szemerédi (1983) the function
RT(n;H,o(n)) 1is defined as the maximal e for which there exists a
graph G with n vertices and e edges, such that HZG and the sta-
bility number of € s o(n) . Mot even asymptotic results for
RT(n;H,0(n)) are known in the general case. The lower and upper bounds
proved in Erd8s-Hajnal-T. S0s-Szemerédi show that here the arboricity
number of the graph H is relevant.

In (4) only the complete graphs were considered. It would be
interesting to have discrepancy theorems also for other graphs.

& PARTITIONS IN Rn . CLASSICAL THEORY OF UNIFORMLY DISTRIBUTED

SEQUENCES

To begin with the history we have to go back to the seven-
teenth century when Huygens wanted to give a mechanical model for the
solar system using a system of gears. Each gear represented a planet.

The number of teeth on the gears had to be chosen so that the

ratio of these numbers were close to that of the periods of revolution of the
represented planets. At the same time the number of teeth on each gear was
limited. So the mathematical problem was the following:
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Giver a real number o and N , find integers 0<p , qsN
so that |o -g& is as small as possible.

This was one of the germs of the theory of diophantine approx-
imation. The theory developed much later, mainly due to the works of
Ostrovski, Hecke, Hardy, Littlewood etc. It became clear that the approxi-
mability property of o depends on the pa:t1a1 quotients (ak digits)
of its continued fraction expansion a= (denoted by o=

=[a1,a2,...]). It became also clear that the approximability property of
a- is closely related to the distribution of the sequence {{na}) in
{0,1) . ({na} denotes the fractional part of a ). Evidently, for every
irrational o , the sequence {na} is everywhere dense in (0,1) . The
fact that it is uniformly distributed, expresses a stronger property.

Let Ek denote the k -dimensional unit cube [0,1]" .

k
fa.,b:] be a box in Ek , I{x)= X
i U0 = s

I=

[0.x:1 » I} be the Lebesgue
i

> x

measure of I ,

Let w=(un) be a sequence in Ek . We write Zw(N;I) (or
simply Z(M;I) ) for the number of u;€ I ,1<igN.
Definition 1. The sequence (un) is uniformly distributed in

Ek if for every box IC Ek
Z (M;1)
(4.1) Tim 22— = |I|
N
N->oo0
holds.

An equivalent definition is the following.

Definition 2. Let R(Ek) denote the set of Riemann-integrable
functions on EE . The sequence (un) is uniformly distributed in Ek if
for every fe R(Ek)

(4.2) Tim &

N0 n

ne~1=

f(un) = [ f(x)dx .
1 k

E
The second definition seems to be less natural, however it
is a more fruitful one. It indicates why uniformly distributed sequences
are important in the theory of numerical integration (see Remark 4.1).
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Further observe that we obtain an equivalent definition if we
assume that (4.2) holds for a dense subset of R(Ek) . This indicates how
the concept of uniformly distributed sequences can be generalized to
topological groups.

For the general theory of uniformly distributed sequences see
the excellent book of Kuipers-Niederreiter (1974).

Put A}Q’(I) = {Z(N;I) - M|T}]

and

0"

gAfW“) = sup Aﬁ(l) 5

A |
pcek

w
N
1

iy = 7 001 a0P
E

Ay resp HANHp measures (in different norms) the discrepancy of the se-
quence Uy ,... Uy , their behavior for N>« measures the irregularity of
the distribution of the infinite sequence (un) .

In the quantitative theory of uniform distribution a central
problem is the investigation of the order of magnitude of the discrepancy-
functions HAMip > By

It is easy to see that a sequence w 1is uniformly distributed
iff Aﬁ=0(N) . But how small can o(N) be?
The quantitative theory of uniformly distributed sequences
started with the following conjecture of van der Corput (1935 a).
For an arbitrary sequence in [0,1), sgp AN = , This means

in Ek

that no sequence can be "too evenly" distributed. This was proved by van
Aardenne Ehrenfest (1945) who showed that for an arbitrary sequence (un)
for infinitely many N

by > c(Toglog N)(Toaloglog Nyt

Roth (1954) strengthened this result. He proved the following more general
theorem.
Theorem 4.1. (Roth (1954)). A. For an arbitrary infinite se-—

quence (u) in E°  and for every N>Nj
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k
max “AnHZ > ck(log N)7 .
1<n<N

B. For N arbitrary points Ugseensly in Ek

k-1

WA \ AN
“AN“Z > Cy Tog © N Zf N>Nj .

(Here Cp cﬁ are positive absolute constants.)

For k=2 Davenport (1956) and for k23 Roth (1979), (1980)
proved that (apart from a multiplicative constant) these results on
]hNHZ are sharp.

The theorem implies (in a precise quantitative form), that
the irregularity of the distribution increases with the dimension.

The problem of finding bounds for the discrepancy in supremum
norm is more difficult. Since ANZ;hANHZ , the preceding results give some
Tower bounds on AN . For infinite sequences sharp results are known only
for k=1 , for finite sequences for k=2 .

Theorem 4.2. (Selmidt (1972)). A. For arbitrary infinite se-
quence (un) in (0,1) and for every N >Ny

max A >c¢ log N .
1snsN "

B. For arbitrary N points Upseewsly in E2

Ay > ¢! log M

M
where ¢ , ¢' are positive absolute constants.

This result is best possible apart from the multiplicative
constant. E.g. if up ={na} where o 1is an irrational number of bounded
partial quotients (akg K, k=1,2,... ), then for every N s by < cy log N .
Simitarly, for the N points u, ={{nu},ﬁi ., 1=2ngh  din E2 AN‘<CK log M .

We have mentioned that uniformly distributed sequences play
an important role in the theory of numerical integration. The first result
on this is the following.

Theorem. (Koksma inequality (1942/43)). Let f be a function
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on [0,1) of bounded variation V(f) and Upseneslly be N given points
in [0,1) with discrepancy AN . Then

1
g

=

1
f(un)-g f(t)dt| < V(f)D

I e~122

n=1
Koksma's inequality has various generalizations, to higher
dimensiorstoo. These theorems show that in computing integrals (especially
in higher dimensions) well distributed sequences are of great importance.
The smaller the discrepancy is, the better the approximation will be. This
led to the criticism of Monte Carlo methods, where randomly generated se-
quences are used. Since a random sequence has discrepancy N Toglog N ,
it is more advantageous to work with well-distributed deterministic se-
quences of discrepancy of a power of log N (Niederreiter (1978)).
Remark. By an observation of Roth part A and part B of Theo-
rem 4.1 and similarly of Theorem 4.2 are equivalent. Roth's argument
(for k=1 ) 1is the following.
(a) Let Upsenesly @e a sequence of points in [0,1)2. Con-

(b) Let (xi,yi) , 121N be a sequence of points in E2 s

sider a corresponding set (ui, Jﬁj) , 1isN of N points in E

arranged so that y1§y2§...§yN . Take the corresponding sequence Xqseoe
feaXy in [0,1) .

In both cases the discrepancies of the two sequences are the
same up to a universal constant factor.

Theorem 4.2. can be formulated as an assertion on partitions
of a special finite hypergraph. (See Theorem 1.1*.) We obtain this finite
version, if instead of E2 (as underlying set) we take the NxN lattice.
The continuous or discrete formulation makes no difference as long as the
members of the family A are the set of points in aligned rectangles.
However, if we consider other families too, the situation changes. First-
ly, it may depend on the underlying set, which families are worth con-
sidering. Secondly, it depends on the family which form fits better to the
distribution problem or to the proof.

5 GEOMETRICAL STRUCTURES
In this section we discuss a variety of questions where the
underlying set S s either the k -dimensional unit cube Ek , or (in
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the discrete version) the NxN (NxNx,,.xN) lattice defined as the set of
points with integer coordinates 1sksN , 18N . A is a family of
simple geometrical objects, as aligned or tilted rectangles, triangles,
balls, etc. (see ErdBs (1964)).

The distribution (or partition) problems will be formulated
in the following two forms.

(a) Given N points in S , how evenly can they be distri-
buted with respect to the sets in A ?

(b) Given N points in S , how "good" can a two-coloring of
these points be with respect to the sets in A ?

A11 the theorems here give quantitative results on the weaker
preponderance phenomenon: none of them is Ramsey-type (ensuring mono-
chromatic subsets). Of course, one could consider the Ramsey-type results
for Tattice points mentioned in § 2 as belonging to this group of prob-
lems, too (e.g. Roth, Hales & Jewett, Szemerédi's theorem, etc.).

Let Un={u1,...,uN}C S=E2 , A be a family of subsets in Rk
Let Z(A;UN) denote the number of points uj > 1gisN in AeA . Set

AASUY) = Z(AUy) - Mu(ADS)]

A(A3Uy) = sup A(A;U,)
N AeA N
AN(A) = inf A(A ;UN) .

Up

Theorem 5.1. Let S=E° , A be the family of right-angled
triangles in E2 with sides containing the right angle parallel to co-

ordinate axes. Then for arbitrary €>0 <if N s large’ enough

< N1/4-e AN(A) < N1/4/iog N .

(For the Tower bound see Schmidt (1969), for the upper bound Beck (1983 a})
Remark. 1f A s the family of aligned rectangles, then

c, Tog N < AN(A) <c, log N .

(See Theorem 4.2.) Compare the two results. There exists a set of N
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points in the unit square such that the discrepancy in every aligned

rectangle is not larger than ¢ log N . However, there must exist an

aligned rectangle such that splitting it into two right-angled triangles,
1

-€
both will have a discrepancy as large as HI (but of course of dif-

ferent signs).

These results, and actually all the other ones below raise
the problem on which properties of the family A does it depend whether
the discrepancy is “large" or "small" (M or (log N)B) . The situation
is rather annoying, we do not have a complete understanding of the prob-
lem.

A result related to the above one is given in the following
theorem.

2

Theorem 5.2. Let S=E" , A be the family of tilted rectangles

in the plane (not necessarily contained in the unit square E ). Then

1 1

¢4 W ) < by(A) < c2N4 - /Tog N.

The lower bound was proved by Schmidt (196%), the upper bound
by Beck (1981 a).

A generalization for higher dimensions is the following the-
orem,

Theorem 5.3. (Beck (1983)). Let UN={u1,...,uN} be a set of
N points on the k -dimensional unit torus. Let A be the set of tilted

squares with diameter at most 1 . Then
1 1 1 j;
NZ ?R?]og N > AN(A) > c{d)N ? 2k .

Remark. Schmidt proved for k=2,3 the slightly weaker re-
1 1
F-AL " €
sult that a,(A) > N 2k
Theorem 5.4. (Schmidt (1969 b)). S=EX , A be the family of

balls in Rk (not necessarily contained in Ek ). Then

1 ;L_ 1 j;
?> 2k AN(A) < Ng. 2k YTog N .
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Answering an old problem of Roth, very recently Beck proved
the following theorem.

Theorem 5.5. (Beck (1983)). Let S be the unit dise, B the
set of halfplanes, A={SNB ; BEB} . Then

1 1
-E +e
o ¥ (log 7Y < aga) < N Tog N

Theorem 5.6. (Beck (1983c)). Let (un) be an infinite sequence
of potnts in the plane. Then for every real number r there exists a
tilted square Ar of side r, such that
1 1
%? log r > lZ(Ar) - rzl > c-fI .
{Here Z(Ar) denotes the mumber of points u;€ Ar .)

This theorem is especially remarkable since this is the first
one where a set of arbitrary size and of large discrepancy can be guaran-

teed.
For a set UN= {ul,...,uN}C:S let
G=1(g]g: Uy~ {#1,-1}}.
Set
D(AsUy) = min sup | T g(x)]
g AcA xEArUN
and

DN(A) = sup D(A;U
Un

N -

G. Tusnady asked the order of magnitude of (or bounds for) DN(A) in the
special case when S=E2 and A is the family of aligned rectangles. Re-
cently Beck investigated this problem, for other families A too.

Theorem 5.7. (Beck (1981 b)). Let S=EZ , W CE? , A be the
family of aligned rectangles. Then
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4
¢ log N < DN(A) < cz(log N)© .

Again, for tilted rectangle the discrepancy is much larger.

Theorem 5.8. (Beck (1981 b)). Let S=E° , U,C B2, A be the

family of tilted rectangles. Then

%- € 1-+s
2
¢ N < DN(A) < ¢ N
Theorem 5.9. (Beck (1983 a)). Let S be the NxN lattice,
A be the family of tilted rectangles in the NxN lattice. Then
1 1

- £

¢ Ng < DB{A;S) < N? Ylog N .
If tilted rectangles not necessarily contained in the NxN square belong
to A too, the discrepancy is even much larger.
Theorem 5.10. (Beck (1983 c¢)). Let S be the NxN lattice,
A be the family of tilted rectangles (not mnecessarily contained in the
NxN  lattice). Then
1

2

1 1 1
N 2z

G (Tog N} © < D(A,S) < CZN?(Iog N)z—.

6 ({{na}) -SEQUENCES AND ERGODIC THEORY

Most of the recent results for the distribution of point sets
refer to the d -dimensional space for dz2 and they have a.definite
geometric character. However, there is widely developed theory of uni-
formly distributed sequences in [0,1) and only few of these results
have been generalized for higher dimension.

We formulate all the results below for distributions of in-
finite sequences in [0,1] . According to the observation of Roth actually
we could formulate the assertions for finite point-sets in E2 as well.

The most important class of uniformly distributed sequences
in [0,1) 1is the class of sequences ({na}) for a irrational. These
are the basic sequences in the theory of diophantine approximation. Fur-
ther, these are the best "test-sequences": very often theorems which
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were found first for sequences ({no}) turned out to be true for more
general ones. Finally we mention the relation of sequences ({n«}) to
topological transformations.

The discrepancy of ({na}) depends on the partial quotients
2 k=1,... of o . For every N and x€[0,1) there is an "ex-
plicit" formula for AN(IO,x)) (see T. Sbs (1974)). This leads e.g., to
the following

p
Theorem 6.1. Let a-li be the k -th convergent of o
k

Py
EI: = [al""’ak-l] . If qk§N<qk+1 then
E k§1
C a., < max A_< ¢C a. .
Ly 0 qgpen ™ 245

Consequently, if aiéK , di=l,..., then

By < g log N .

N

Much is known about the finer properties of the distribution.
Though

max sup An(I) >c log N,
15nsN 1

there are intervals I in which the distribution is very good.
Theorem 6.2. For the sequence ({na}) and for a fixed inter-

val 1

sup Ay(I) < =,
N N

iff |I|={ka} for some integer k .

The "if" part was proved by Hecke (1922) and much deeper "only
if" part by Kesten (1966). Very elegant proofs and generalizations of this
theorem in the framework of ergodic theory are due to Fiirstenberg, Keynes
& Shapiro (1973), Halasz (1976), Petersen (1973).

Onthe other hand it is remarkable that this theorem (and
further properties of Ay } has consequences for ergodic theory (see e.g.
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Herman (1976 a,b), Deligne (1975).

Schmidt investigated the analogous question for arbitrary se-
quences in [0,1) .

Theorem 6.3. (Schmidt (1574)). For an arbitrary sequence
(un) in [0,1) the lengths of all intervals 1 with snp AN(I) < e

form at most a countable set.

The ergodic theoretical generalization shows the essence of
Kesten's theorem. Let (Q,A,u) be a probability space, T:9+q an er-
godic transformation. For an A€ A 1let ZN(A;x) denote the number of
points T'x€A . lsnsN . Set

AN(A;x) = ZN(A;x)- Nu(A) .

By Birkhoff's ergodic theorem, for fixed A€ A for almost all x€g
LA (Asx) >0, if Now
N NV ’ ’

Furstenberg, Keynes & Shapiro (1973), Petersen (1973), Hal&sz (1976)
proved the following generalization of Kesten's theorem:
Theorem 6.4. I¥ for A€EA sup]AN(A;x)] is bounded on a set
N

2niu(A)

XCQ of posttive measure, then e is an eigenvalue of T ; Z.e.,

there exists a function 9% 0 such that

g(Tx) = ez"i“(A)g(x) for x€q.

On the other hand, for every eigenvalue eZm'u there exiscts
an A€ A such that u(A)=u and AN(A;X) g bounded in N for almost
all X€gqQ .

Remark. Kesten's theorem follows from the above one. To see
this let @=R/Z . Let u denote the Lebesgue-measure, Ru D R
(Ry is the rotation by o2r ). The eigenvalues of R_ are the numbers
e2miHka}  nich implies Kesten's theorem. )

We give another example of the relationship between uniform
distribution and ergodic theory. This illustrates how the results for
distribution of the sequences ({na})} imply general results for homeo-

morphisms of the circie.
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Denjoy (1932) proved that for every homeomorphism T: R/Z +
+~ R/Z having no periodic point there exists an irrational «(T)€ (0,1)
such that T 1is conjugate to the rotation Ra : x+>x+a . By this, if we
consider (the orbit of a point x€R/Z) the distribution of T"x; n=1,..,this
is determined by the distribution of the sequence ({na}) . E.g.,

(a) Let ZN(I;x) denote the number of points kel ,
12nsN and u the invariant measure belonging to T . By Birkhoff's er-
godic theorem the remainder term AN(I;x)=ZN(I;x)-Nu(I)=o(N) .

By Denjoy's theorem AN(I;X) is the same as that of the se-
quence ({na(T)}) .

(b) The order of points {na} , 1snsN is very much restricted:
if « 1is the permutation determined by {#(1)a}<...<{w(N)a} , then for
example for every o and N fixed =(i)-w(i-1) takes at most three
different values. Now, by Denjoy's theorem the same holds for an arbit-
rary homeomorphism T and x and permutations « defined by T"(l)(x)<
@) 3y ™) | (see T. Sbs (1957), Swierczkowski (1958).)

One of the most fascinating and deepest relationships between
combinatorics and ergodic theory is given by Furstenberg & al.: Proof and
generalization of Szemer®di's theorem. Since there is a recent expository
paper by Furstenberg, Katznelson & Ornstein (1982), and the book of
Furstenberg (1981.), we do not go into the discussion of this.

Strong irregularity

In [0,1) the following "strong irregularity” phenomenon
holds.

Theorem 6.5.

A. For every >0 there exiets a 6>0 (depending only on «€)
such that given an arbitrary sequence (un) in (0,1)

b, > $ log n

for all but at most N® values of nsN .
B. For every K there exists a & (depending only on K )

such that

An>K

for all but at most (log N)6 values of nsN .
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C. For an arbitrary sequence (un) in (0,1) the set of

values of X for which
2y([0,x)) = o(Tog N)

holds has Hausdorff dimension Q .

This theorem was proved first only for ({na}) sequences
(T. Sbs (1979), (1983)), then for arbitrary sequences and in a more
general form by Haldsz (1981) and Tijdeman & Wagner (1980).

One~gided irregularities

Measuring the irregularities with HANHoo or “AN“p , we do
not have any information on the sign of the discrepancy. In § 1 we in-
troduced the one-sided discrepancies AE and A& . The behaviour of
Aa and A& show some new phenomena.

Again, as almost always, the first results on one-sided ir-
regularities were found for ({na}) sequences:

There is no one-sided strong irregularity phenomenon. We men-

tion just the simplest illustrations of this. It is easy to see that

+ . -
sup Ay = , inf Ay = o |
NN NN

However, for an arbitrary sequence MN—+m there exists an o such that

N if N> N0
(resp. there exists an o such that A& < M)
Similarly, it is easy to see that

+
AN < K

can hold only for a sequence (Nk) of 0 -density. However, for an ar-
bitrary sequence MN= o(N) , there exist an o and a K such that

An<K

holds for at most M, values of nsN , if N> NO (T. Sos (1983)).

N
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Concerning intervals of small discrepancy, first we remark
that

sup AN(10,8)) < =
N
may hold also in the case when pB#{ka} , i.e. when
sup 8\ ([0,8)) = = .
N

In Dupain & T. Sbs (1978) the characterization of the intervals [0,8)
with

sup ay((0,8)) < =

is investigated. Here we mention just one of the new phenomena: there
exists an o for which the set {g&|sup A;([O,B))< =} is of power of
N

continuum.
However, the assertion in Theorem remains true, if instead

of boundedness of AN(A) we suppose only one-sided boundedness. Halasz
(1976) proved that if

sup AE(A;X) <
N

holds on a set Xca of positive measure, then e2" (A nust be an

eigenvalue of T .

7 PARTITION-PROBLEMS FOR GENERAL HYPFERGRAPHS

While in the previous sections we had to make a strong selec-
tion because of the large variety and wide scope of the theorems, here we
have only limited number of results. Though the problems for general
hypergraphs arise from investigations of irregularities on different
structures, they are interesting on their own too. To start with, we have
to remark that there are almost no lower bounds on the discrepancy of par-
titions of hypergraphs.

The theorems below give upper bounds for the discrepancy of
partitions on hypergraphs. One of the first results of this type is due to
01son & Spencer.

Downloaded from https://www.cambridge.org/core. The Librarian-Seeley Historical Library, on 29 Nov 2019 at 00:56:22, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/CB0O9781107325548.010


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781107325548.010
https://www.cambridge.org/core

V.T. Sbs: Irregularities of partitions

We mention in advance that the results here are related to
integer valued programming. The relation between discrepancy of se-
quences and convex programming was discussed already in Niederreiter
(1972).

Theorem 7.1. (Olson & Spencer (1978)). Let A= {Al,...,Ak}

be a family of subsets of S , {S|=n . Consider the two-colorings of
S:6={g|lg: S»{+1,-1}} . Set

A(A) = min max |} g(x)]
gEG AEA xEA

and

f{n;k) = max A(A) ,

A
where the maximum is extended over all families A for which Al=k
and Y A=S . Then
A€ A

F(n3k) < ((n+1)log 2k)1/2 .

Theorem 7.2. (Olson & Spencer (1978)). With the above rota-
tion set

h(k) = max a(A)
A

where the maximum is extended over all families A for which {A|=k

Then

172
(3- 01K < () < € k77 109 K

if a Hadamard matriz of order K+l exists.

The upper bound of Theorem 7.2 was improved by Beck & Fiala.

Theorem 7.3. (Beck & Fiala (1981)).
1/2
h(k) < (2k)"" “Jlog 2k

where C 1S a positive absolute constant.

235
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In most of the partition problems we can easily find a system
of linear equations describing the problem and having a fractional solu-
tion. How close we can get with integer values to the solution measures
how large the discrepancy is.

The theorem of Beck & Fiala below (generalizing a famous re-
sult of Baranyai (1975)) is used to get upper bounds for discrepancies.

Theorem 7.4. (Beck & Fiala (1981)). Integer-making lemma. Let

Upsenast be given real numbers. Let A be a family of subsets of the

S
index set {1,...,8} such that every i€{1,...,8} belongs to at most

t members of A . Then there exist integers dysesesdg 50 that

iai-ai[< 1, 1siss and

) a; - ¥ oc,ilgt-1 for every A€A .
ieh ieA

Theorem 7.5. (Beck & Fiala (1981)). Let d denote the maximal
degree of the hypergraph (S,A) :

d(A) = max |[{A CA ; xCA }| .
XxCS

With the notations of Theorem 5.1:
A{A) £ 2d(A) - 2 .
Conjecture. (Beck & Fiala). For arbitrary (S,A)
A(A) s c(d(A) Tog d(a))'/? .

Theorem 7.6. (Beck (1981 a)). With the above notations

1/2

8(A) < c(d(ANY2(10g1a1)1% 10g |5

Remark. Beck (1981 a) used the above theorems e.g. to prove
that Roth's estimate for the discrepancy of arithmetic progressions is
nearly sharp. This application itself justifies that the theorem is

valuable.
However, it is plausible that upper and lower bounds for
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A{A) depending on some structural properties e.g. on some intersection
properties of the system A should be found.

We do not know any general theorem for hypergraphs which gives
a nontrivial lower bound for the discrepancy A(A) .

Olson & Spencer (1978) proved for a system A derived from
the Hadamard matrix the discrepancy is greater than c|A}1/2 . (An analysis
of their proof gives a more general lower bound.)

8 SOME FURTHER PROBLEMS

We have seen that for different structures different types of
discrepancy problems were investigated. Here we give a T1ist of problems
for general hypergraphs, implicitly classifying the discrepancy-problems.

Let (S,A) by a hypergraph.

Problem of proportional representation.

Let o€ (0,1) be given. We call an $,CS an o -represen-
tative set if

(1) 1S,"Al - alA]{ <1 for every AcA .

Problem 1.

Find conditions on the existence of an o -representative sys-
tem in the terms of the structure of the hypergraph.

(1) is a very strong requirement. When it cannot be satisfied,
the question is how close can we get to it.

Problem 2.

Find bounds on

min  max [|S'n A} - afAl]
S'CS AEA

(or on
1

min (Z [1SNA| -MA“pE. )
S'CS A

(Does there exist any min-max theorem for some special classes?)
The problems below are formulated for general hypergraphs.
Let a;,...,0 €(0,1) be given and § a; =1 . We say that
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r
S= )YS , S NS =§ ., i#j 1is an (0q5.--50,) -partition
=1 7 i % r

15, AT - oIl 5 1

for every A€ A and 1gisr .
Problem 3.
Find conditions on the existence of an (a1,...,o¢r) -partition.
Let P(A)ER" denote the vector (]S1ﬂA}—a1§A§ ,...,]SrﬂAi-ar}Ai).

Problem 4.
Find bounds on

min max {[P(A)]

S= US. A€ A
i=1
where || i is a normon R" (or on
1
min { § |iSnA§-o¢§A}[p)p)
9= 551- AeA
i=1

Problem of well distributed sequences.

Here we consider the "dynamical" version of the previous prob-
lem; we want to find a sequence (un) in S for which every segment is
proportionally distributed.

Let (un) be a finite resp. infinite sequence in S , and
Un={u1,...,un} . We say that (un) is uniformly distributed with re-
spect to A if

[ ! IA
8,(R) = [jU nAj - Hn! <1

for every nsN (resp. for every n ) and for every ACA .

Problem 5.

Find conditions on the existence of a uniformly distributed
sequence.
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Problem 6.
Find bounds on

min max max An(A) .
(un) nsN Ae A

Von Neumannin one ¢f his firstpapers proved that any everywhere
dense sequence in (0,1) can be rearranged to a uniformly distributed se-
quence.

In the flavor of this simple theorem the following can be
asked. We formulate it only in the finite case.

Problem 7.

Let uieS , 1gisN be a sequence with discrepancy AN .

For any permutation = consider the sequence Az ,» n=1,...,N as the dis-
crepancy of un(1),...,un(n) . Give bounds on

. ™
min max A
n
i) n

or more generally, for a given function ¢(n)

min max ¢(n) AT .
n
T n

On strong irregularity.

We mentioned in § 6 the "strong irregularity” phenomenon for
sequences in (0,1) . The analogous gquestion can be asked for many other
cases. (In this direction see also Theorem 5.6,)

On one-sided irregularity.

As explained in § 6 new phenomena emerge if we consider the
signed discrepancy (A; s A;) for ({na}) sequences. Instead of stating
particular questions we just call the attention to this problem.

Decomposition problems.

Problem 1.

The hypergraph ({S,A) 1is called totally unimodular, if every

S'cS has a partition g:S'->{+1,-1} such that | ¥ g(x)| <1 if A€A .
X<A

(This is equivalent to the following: every square submatrix of the in-
cidence matrix of (S,A) has determinant 0 or 1 .)
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d
Assume there is a partition A= v A; such that (S,Ai) s
i=1

lzisd is totally unimodular. Is it true, that there exists a K=K(d)
depending only on d such that A has an o -representative system of
discrepancy F(d) ?

Problem 2.

Given & ang d , does there exist a &=A(a,d) with the fol-

lowing property. If A=.U1Ai and the discrepancy of (S,Ai) , 15i5d is
1=

A , then the discrepancy of (S,A) is at most & .

Added in proof.

Just after having finished this paper, J. Beck proved a surpris-
ing and deep theorem. This generalizes several results for families in
Rk and gives an answer to the important question, on which geometrical
properties does the order of magnitude of the discrepancy depend.

Theorem. (Beck). Let S be a square of sides N <in R? an:
let be given N° arbitrary points in s . Let B be a conver domain an:
B(x,1,v) the domain obtained from B by a aimilarity transformation of
dilation Asl , of rotation t and translation by VER® . Let u(B)
resp. L(B) denote the area resp. the length of the circumference cf R |
and let 7(B(x,t,v)) denote the rumber of points in B(\,t,v) . Then
there exist Aor To 0 Yo such that

1Z(B(rgaTgo¥e) ) (B(Agstg¥,) N S)| > ¢ /EIR(u(B),Z(BY)

where ¢>0 18 an absolute constant.
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ADDENDA AND ERRATA
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Page 219, line 9. For "Erdds—-Koml¥s-..." read "Ajtai-Koml&s-..."(?)

E.K.L.
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