
Intro to Topology – HW 10.

1. Prove that a cylinder and the circle S1 have isomorphic fundamental
groups:

Represent the cylinder as X = {(x, y, z) |x2 + y2 = 1} and consider S1 as
its subset A = {(x, y, z) |x2 + y2 = 1, z = 0}.
Fix a0 = (1, 0, 0) that serves as a basepoint both in X and A.

Show that the projection r : X → A, (x, y, z) → (x, y, 0) induces an
isomorphism of fundamental groups

r∗ : Π1(X, a0) −→ Π1(A, a0).

At some point it may be useful to remember that homotopy is transitive.

2. Consider X = S1, the unit circle centered at the origin in R2 and fix
x0 = (1, 0). Choose an integer m ∈ Z. For that integer provide a formula
for a loop (of your choice) based at x0 which is homotopic to the ”standard
loop” βm(s) = (cos 2πms, sin 2πms), but is not equal to it.

Prove that your loop is indeed homotopic to βm.

3. Which of the following are covering maps? Explain briefly.
a.) The n-th power mapping of C → C given by z → zn. (Here z denotes
a complex number.)
b.) The n-th power mapping of S1 → S1 given by z → zn. (Here
S1 = {z ∈ C | ||z|| = 1}.)

I use complex numbers since then the maps have a simple description. But
you can use, if you wish R2 instead of C, the unit circle in it and the maps
(x, y)) = (r cos θ, r sin θ) → (rn cos nθ, rn sin nθ).

4. Show that if p : Y → X is a covering map and X is connected, then the
sets p−1(x) have the same cardinality for every x ∈ X.

(Hint: Fix x0 ∈ X, let |p−1(x0)| = λ and consider the set
A = {x ∈ X | |p−1(x)| = λ}. Show that A is both open and closed.)

Extra Credit Show that RP 2 is homeomorphic to the quotient space of S2 where each
point is glued to its antipodal, that is (x, y, z) ∼ (−x,−y,−z).


