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Once upon a time there was a party with 14 participants labeled by integers from 1 to 14.
As it is usual in parties they formed groups which were sensed and recorded by devices offered
by our modern technics. The data (SIRP DATA) can be found on the home page of G. Tusnddy
( http://www.renyi.hu/ tusnady/level.dat). The first part is the following

Time Participants

12 3 4 5 6 7 8 9 10 11 12 13 14
0019238 1 1 1 4 5 6 5 6 5 5 5 6 13 5
0064438 1 1 1 4 5 6 5 6 5 5 5 6 4 5
010738 1 1 1 4 5 6 5 6 5 5 5 6 13 5
0119281 1 1 1 4 5 6 7 6 o 7 7 6 13 7
0127421 1 1 1 4 5 5 7 5 5 7 7 5 13 7
015959 1 1 1 4 5 6 7 6 5 7 7 5 13 7
0244247 1 1 1 4 5 6 1 6 5 1 1 5 13 1
0246863 1 1 1 4 5 4 1 4 5 1 1 5 13 1
0393910 1 2 2 4 5 4 1 4 5 1 1 5 13 1
0466802 1 1 1 4 5 4 1 4 5 1 1 5 13 1
0506604 1 1 1 4 5 4 7 4 5 7 7 5 13 7
0518243 1 1 1 4 5 6 7 6 > 7 7 5 13 7
0519593 1 1 1 4 5 4 7 4 5 7 7 5 13 7
0576603 1 1 1 4 5 4 5 4 5 5 5 5 13 5
0707155 1 1 1 4 5 4 5 4 5 5 11 5 13 5
0716638 1 1 1 4 5 6 5 6 5 5 11 5 13 5
0727348 1 1 1 4 5 6 5 6 5 5 11 5 11 5
0733247 1 1 1 4 5 4 5 4 5 5 11 5 11 5
0834109 1 1 1 4 5 6 5 6 5 5 11 5 11 5
0900159 1 1 1 4 5 5 5 5 5 5 11 5 11 5
0918424 1 1 1 4 5 6 5 6 5 5 11 5 11 5
0998953 1 1 1 4 5 6 5 6 5 5 11 5 13 5
1155627 1 1 1 4 5 1 5 1 5 5 11 5 13 5
1252516 1 1 1 4 5 6 5 6 5 o5 11 5 13 5

Each record of the data represents one grouping (partition) formed in the course of the party.
The first number means the time when the actual grouping occurred and the next 14 integers
denote the partition. Each set of a partition is labeled by its smallest member what we call

leading member. For example

Time 1 23 45 6 7 8 9 10 11 12 13 14

0900159 1 1 1 4 5 5 5 5 5 5 11 5 11 5
means that after 0.9001594 seconds from the beginning of the party the following groups were

sensed by our detectors:



1+243,

4,

S+6+7+8+94+10+ 12 + 14,

11+ 13.

Poor 4, seemingly a lonely person walked alone, the noisy central body 5+6+7+8+9 +
10+ 12414  was situated around the dinner table, while 1+2+3 had a very important
discussion in a secret corner and 11+ 13  were playing table tennis.

Performing any data mining the first step is the construction of appropriate colored pictures.

In our figures the persons are represented by colors:
1 = red, 2 = yellow, 3 = green, 4 =turquoise, 5 = blue, 6 = white, 7 = purple, 8 =vintage
red, 9 = brown, 10 =dark green, 11 = silver, 12 = black, 13 =dark blue, 14 =dark purple, and
the partitions are represented by “fHowers”. Each person is represented as a petal of the flower
having a fixed position. But the color of the person is changing according to the partition.
Each petal shares the color of the leading member of the group. The color of the center of the
flower represents the color of the largest group. Figure 1 shows the bird’s view of the occurred
partitions where the position of each flower is the result of a contractive algorithm. (In
Figure 1 flowers are represented by their center only.)

In multidimensional data analysis it is a general idea to join objects whenever they have
something common. The trouble is that without any constrains the idea leads to one single
point. We use multidimensional covariance standardization as a constraint: it means to central-
ize the data by averaging them and dividing by the standard deviation and using covariances
to enforce the dimension in the required size. The effect resembles to opening an umbrella: the
wires spread out what the canopy pulls together.

In a good party there are appropriate places for people willing to do something jointly. But
to ensure for all subgroups some special position is prohibitive for combinatorial explosion. We
restrict our algorithm to pairs: all pairs of the partitions have same special meeting point and
the groups join come together at the average point of their pairs. The formal description of the
algorithm is the following.

Let N be the number of different partitions occurred in the party and let xy, vy, be the co-
ordinates of the point representing the k-th partition (k = 1,2,.., N). The initial values of the

coordinates are random standard normal numbers. The iteration consists of the following steps:

Step 1. Opening the umbrella (Schmidt orthogonalization):

where



and

where

w(y) = | (Wi — clay) = ).

k=1

Step 2. Positioning pairs of persons (averaging the partitions where the pair

happens to be in the same group)

D kep(i R)=p(i.k) Th * i
Uij =

2 keplink)=p(i.k)

2 kp(ie)=p(iok) Tk * L
D kep(isk)=p(i.k) L

Vij = )

where p(i, k) denotes the leading person in the k-th partition of the i-th person and ; is
the duration of the k-th partition.

Step 3. Dynamics (relocating the partitions with the gradient of the pairs they unite)

™ = Ty — 7y ok Ty,

where v denotes a small positive constant (it controls the speed of the algorithm) and

LL = E Ui,j,

i,j:p(i,k‘)Zp(j,k‘)

new

Ye =Yk — 7 * YYk

YYr = Z Vg j-

i,j:p(i,k):p(j,k)

where



Figure 1 shows the partitions and the red rectangle refers to Figure 3. Figure 2 gives the
flowers where the system spent more then 20000000 seconds. Figure 3 shows the flowers situated
in the red rectangle of Figure 1, where the system spent more then 50000 seconds.

Our data were generated by the distribution

PA(W) =

F @ A),

where the potential Q(7, A) was defined by

Q(W,A) = Z CLZ‘J‘.

1<i<j<e: m(i)=n(j)

L(A) =) exp(Q(m, A))

is the scaling factor where the summation runs over all partitions 7. The matrix A = a;; is

given by

1 2 3 4 5 6 7 8 9 10 11 12 13 14

1| 0.00 -3.08 -040 0.23 0.75 -1.23 1.13 -0.02 0.51 -2.62 0.78 293 0.05 -2.66
21-3.08 0.00 -463 118 143 1.19 473 -0.59 261 -501 2.08 194 391 194
31-040 -4.63 0.00 431 1.65 294 -1.17 087 -1.37 -0.72 1.66 -0.92 0.19 0.01
41 023 118 431 000 215 -1.10 -2.77 163 4.13 6.79 6.29 151 041 292
5| 075 143 1.65 215 0.00 -0.06 -2.31 -0.35 -1.52 -2.30 248 -2.23 2.25 -0.72
61|-123 1.19 294 -1.10 -0.06 0.00 2.75 -4.47 129 -441 0.38 -4.07 3.75 2.54
71 113 473 -1.17 -277 -231 275 0.00 -2.86 -250 -6.20 -3.35 0.30 3.98 -0.68
81-0.02 -0.59 087 163 -0.35 -4.47 -2.86 0.00 -1.16 3.12 -0.27 3.61 584 2.25
9| 051 261 -1.37 413 -1.52 129 -250 -1.16 0.00 3.29 5.46 -1.05 1.64 -7.29
10 | -2.62 -5.01 -0.72 6.79 -2.30 -441 -6.20 3.12 3.29 0.00 -5.14 -2.20 -1.12 -1.77
11| 0.8 208 1.66 6.29 248 038 -3.35 -0.27 5.46 -5.14 0.00 545 -0.32 -4.20
12| 293 194 -092 151 -2.23 -4.07 030 3.61 -1.05 -2.20 545 0.00 3.07 1.74
13| 0.06 391 0.19 041 225 375 398 584 164 -1.12 -0.32 3.07 0.00 2.82
14| -2.66 194 0.01 292 -0.72 254 -0.68 225 -7.29 -1.77 -420 1.74 2.82 0.00

The maximum of the potential Q(m, A) is 39.64 and it is achieved for the partition
7={1,1,1,4,5 6,5 6,5 5 5,6, 13, 5}.

The distribution can be sampled by the Metropolis algorithm ([10]). A detail of the process
is given in Figure 4, where each horizontal line represents one partition with its color coding.
The top red curve shows the change of the potential. Figure 5 gives a time segments of the
process on the flowers meadow. The Metropolis algorithm is based on the graph where the
vertices are the partitions. We say that two partitions are connected by an edge whenever one

is formed by the other with merging of two of its groups. The price of the edge is the product



of the numbers of persons in the amalgamated groups. The distance of two arbitrary vertices

is the cheapest path between them

c c—1

d(my,m) =Y > Y (wli,§) « v(i k) + v(5, i)« v(k, i),

i=1 j=1 k=j+1

where
C

v(i,j) =Y {m(k) =i,m(k) = j},

k=1

and c¢ is the number of persons (¢ = 14). In Figure 5 the flowers are positioned by the isoMDS
multidimensional scaling program of the package R, using the above defined distances. Figures
1,2,3 and 5 are showing the 720 different partitions with potential larger than 35.00. Figure 6
shows 14992 different partitions with potential larger than 28.00 positioned by the contractive
algorithm.

One can prove that

EAQ(’]D B) = T/ A\

and .
r(4) < IT T] (1 +expa),
i=1 j=i+1

but we do not have an explicit form for I'(A). We generated the matrix A as random Gaussian
number with zero expectation and standard deviation 2.5 thus the model has the flavor of spin
glass processes: there is an abundance of local maxima of the potential and the process is
spending the majority of the time in the potential valleys with short time jumping between
them ([12]). This might be the case with real world parties where the different partitions are
evaluated by the well-being of the persons inside the actual groups. Our model is the simplest
possible one because it is based on pair-relations only. Any generalization for higher order
interactions is straightforward. The pair-potentials a;; can be estimated by the maximum
likelihood equation ([1]):

1 : . .
N Z 1 = Pa(r(i) =n(j)) 1<i<j<eg,
kip(ik)=p(G,k)

or by simple linear regression. The estimated potentials are given in Figure 7, seemingly
maximum likelihood is more effective and in both cases estimators of small values have larger
error.

Partitions occur in Szemerédi’s famous Regularity Lemma ([15]), which was extended re-
cently to hypergraphs ([8], [9]). Parties and hypergraphs are appeared as early as 1941 in the
literature [7] (cited in [5]) where 18 ladies attending on 14 parties are investigated. It is a
special case of partitions when only two partitions is considered, whether each person present

or absent in a party. For a statistician Szemerédi’s regularity lemma and it’s generalizations



1

state that the random graph respectively the hypergraph model is bold enough. It may happen

that our random model on partitions has the same property. The original proof of Szemerédi is

based on an evaluation of the graph and a partition of its vertices. With the help of a duality

argument our conjecture is that for any collection of partitions of a large enough set, there
exists a graph on the same set, which behaves randomly with respect to the given partitions.

For people investigating networks the Albert-Barabasi preference model is the most popular

one ([11]). Unfortunately it results in graph with moderate number of edges. Any unification

of ideas of the models would be welcomed.

The probabilities P4(7(i) = 7(j)) are given in the next table.
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0.0000
0.7548
0.7170
0.0167
0.0744
0.0850
0.2389
0.1071
0.1100
0.4139
0.3203
0.0229
0.0209
0.2941

0.7548
0.0000
0.9440
0.0046
0.0053
0.0497
0.0798
0.0836
0.0341
0.2547
0.1616
0.0327
0.0087
0.1235

Corresponding relative frequencies are the following

2

0.7170
0.9440
0.0000
0.0009
0.0239
0.0285
0.1004
0.0653
0.0658
0.2489
0.1552
0.0537
0.0142
0.1478

3

0.0167
0.0046
0.0009
0.0000
0.0040
0.1409
0.0099
0.0868
0.0006
0.0000
0.0001
0.0759
0.3026
0.0000

4

0.0744
0.0053
0.0239
0.0040
0.0000
0.2797
0.5433
0.2885
0.6778
0.4168
0.3449
0.4957
0.0013
0.5340

5

0.0850
0.0497
0.0285
0.1409
0.2797
0.0000
0.1612
0.6676
0.1404
0.2063
0.1486
0.5505
0.0002
0.0136

6

0.2389
0.0798
0.1004
0.0099
0.5433
0.1612
0.0000
0.2792
0.4541
0.7954
0.7794
0.1287
0.0031
0.6856

7

0.1071
0.0836
0.0653
0.0868
0.2885
0.6676
0.2792
0.0000
0.2581
0.1678
0.2111
0.2466
0.0001
0.1010

8

0.1100
0.0341
0.0658
0.0006
0.6778
0.1404
0.4541
0.2581
0.0000
0.2809
0.2705
0.3658
0.0052
0.6779

9

0.4139
0.2547
0.2489
0.0000
0.4168
0.2063
0.7954
0.1678
0.2809
0.0000
0.8192
0.1219
0.0090
0.5958

10

0.3203
0.1616
0.1552
0.0001
0.3449
0.1486
0.7794
0.2111
0.2705
0.8192
0.0000
0.0206
0.0571
0.5911

11

0.0229
0.0327
0.0537
0.0759
0.4957
0.5505
0.1287
0.2466
0.3658
0.1219
0.0206
0.0000
0.0042
0.1571

12

0.0209
0.0087
0.0142
0.3026
0.0013
0.0002
0.0031
0.0001
0.0052
0.0090
0.0571
0.0042
0.0000
0.0014

13

0.2941
0.1235
0.1478
0.0000
0.5340
0.0136
0.6856
0.1010
0.6779
0.5958
0.5911
0.1571
0.0014
0.0000

14
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0.0000
0.7728
0.7365
0.0118
0.0773
0.0844
0.2433
0.0999
0.1110
0.4233
0.3260
0.0227
0.0162
0.2970

0.7728
0.0000
0.9484
0.0038
0.0059
0.0537
0.0853
0.0787
0.0323
0.2659
0.1688
0.0304
0.0069
0.1300

One may ask at this point whether any simpler stochastic model would be able to generate the

0.7365
0.9484
0.0000
0.0005
0.0267
0.0297
0.1049
0.0577
0.0661
0.2587
0.1606
0.0554
0.0112
0.1534

0.0118
0.0038
0.0005
0.0000
0.0019
0.1178
0.0112
0.0703
0.0003
0.0000
0.0000
0.0635
0.2816
0.0000

0.0773
0.0059
0.0267
0.0019
0.0000
0.2922
0.5634
0.3135
0.7119
0.4304
0.3662
0.5100
0.0008
0.5545

0.0844
0.0537
0.0297
0.1178
0.2922
0.0000
0.1663
0.6885
0.1544
0.2080
0.1508
0.5658
0.0000
0.0152

0.2433
0.0853
0.1049
0.0112
0.5634
0.1663
0.0000
0.2872
0.4834
0.7945
0.7833
0.1381
0.0012
0.7057

0.0999
0.0787
0.0577
0.0703
0.3135
0.6885
0.2872
0.0000
0.2739
0.1728
0.2128
0.2735
0.0000
0.1080

0.1110
0.0323
0.0661
0.0003
0.7119
0.1544
0.4834
0.2739
0.0000
0.3073
0.3003
0.3835
0.0027
0.6922

0.4233
0.2659
0.2587
0.0000
0.4304
0.2080
0.7945
0.1728
0.3073
0.0000
0.8231
0.1262
0.0068
0.6103

0.3260
0.1688
0.1606
0.0000
0.3662
0.1508
0.7833
0.2128
0.3003
0.8231
0.0000
0.0294
0.0521
0.6070

0.0227
0.0304
0.0554
0.0635
0.5100
0.5658
0.1381
0.2735
0.3835
0.1262
0.0294
0.0000
0.0015
0.1652

0.0162
0.0069
0.0112
0.2816
0.0008
0.0000
0.0012
0.0000
0.0027
0.0068
0.0521
0.0015
0.0000
0.0005

0.2970
0.1300
0.1534
0.0000
0.5545
0.0152
0.7057
0.1080
0.6922
0.6103
0.6070
0.1652
0.0005
0.0000

same frequencies. In the above model the participants are intrinsically correlated,to forming



the groups the whole matrix A is involved. The following model comes from this idea. Let us

offer to the participants of a party to choose independently from finitely many possibilities, like:

— to have same food,

— to play hide and seek,

— to watch TV,

— to discuss about Shakespeare,

— to make a small excursion.

Having the program at hand, people have their preferences, they make their choices indepen-
dently and groups are formed in a natural way. Let us denote by w(k, s) the probability that
the k-th participants chooses the s-th possibility than

S
P(r(i) ==(j) = w(i, s) * w(j, s),

s=1
where S denotes the number of possibilities. If the number of participants goes to infinity the
size of groups is the most important feature of the distribution. It may remain bounded or
slowly increasing as it is the case in politics when the groups are the political parties having the
tendency to become of small number mostly because preference choice. The second possibility
is the square root law: the size of groups and their number both are around the square root
of ¢. Third possibility is represented in chemistry: the size of groups remains small and the
number of groups increases with ¢ for example for proteins. In the independent model the
situation is easily controlled by S but in the pair-potential model we do not know the answer.
Our guess is the first possibility on the argument that (7, A) may achieve the size ¢ for 7 with
bounded elements. In statistical investigations, in cluster analysis partitions appear mostly in

the following two different aspects:

— we may form groups from the investigated objects on the basis that any connection is

possible only inside the groups ([4], [6])
— we may form the groups of similar objects ([2], citeBolla2).

The second possibility is used in Szemerédi’s regularity lemma. Its extension to the pair-

potential model is a numbering f(k), kK =1,...,c of the participants such that
~1<fk)<gk=1,...c
—for all 1 < j < gthereisal <i<csuchthat f(i) =j
— there is a g * g matrix B with elements b, , such that a;; = by) ;) forall 1 <i < j <c

this is called blown-up of the matrix B into matrix A. We investigated partition-clustering in
([13]) and interactive networks in ([14]).
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FIGURE 1

Partitions with potential larger than 35 colored after leading members and positioned by contractive algorithm.
Partitions in the red rectangle are shown in Figure 3.
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FIGURE 2
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Partitions with duration larger than 20,000,000 seconds. Color code of the participants is given in the left upper
corner. The color of the center of flowers follows the majority group’s color.
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FIGURE 3

Partitions of the red rectangle in Figure 1 with duration larger than 50,000 seconds. Color code of the participants

Is given in the left upper corner. The color of the center of flowers follows the majority group’s color.




FIGURE 4

Each horizontal line represents one partition with its color coding.

Metropolis algorithm with uniting two groups and cutting a group.
The top red curve shows the change of the potential.




FIGURE 5

Metropolis algorithm with uniting two groups and cutting a group.

The position of the flowers is given by multidimensional scaling. The coloring is the same as in Figures 1-3.




cutting

FIGURE 6

Metropolis algorithm with uniting two groups and cutting a group.

In the upper part the colors of the petals show partitions while the color of the center represents the potential of the

partition. Color code of the potentials is given on the left of the figure - white means the largest, black the smallest
value. All partitions with potentials larger then 30 are mapped using the contracting algorithm.




FIGURE 7
Estimation of the potential



